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The non-centrosymmetrical structure put forward by Tucker and the centrosymmetrical one 
proposed by Tucker & Senio are refined, using the X-ray powder intensities of Thewlis, by a method 
of trial. It  is concluded that the non-centrosymmetrical structure is correct, with an agreement 
residual of 19 % as against 32 %, but that both the main and subsidiary layers of atoms in the struc- 
ture are puckered. In this respect the proposed structure may be considered as a combination of the 
previous two. 

A feature of the structure is the binding together of neighbouring main layers by short bonds, 
2.53 A in length, between certain atoms. This bonding, together with the pairing of neighbouring 
atoms along the 'vertical' chains which run through the structure, suggests a tendency towards 
the formation of U9 molecules. A similar tendency is noted in ~-neptunium. 

Atoms appear to be present in the structure in four different electronic states, with valencies of 
3, 4, 5 and 6 respectively. These are the valencies exhibited by uranium in its compounds. Analysis 
of the structure, based on this valency allocation, shows that the short inter-layer bonds are 
intermediate in character between double and triple bonds, and that the short bonds along the 
chains are intermediate in character between single and double bonds. 

I n t r o d u c t i o n  

An acceptable structure for fl-uranium (tetragonal 
with 30 atoms in the unit cell) was first proposed by 
Tucker (1950, 1951) on the basis of the X-ray exam- 
ination of single crystals of an alloy containing 1.4 
atomic % of chromium, quenched from the fi region. 
In the light of intensity differences between powder 
photographs of a similar alloy and of ~-uranium itself 
at temperatures within the fl range, one of the present 
writers (Thewlis, 1951, 1952) suggested that  further 
refinement of the structure, which was indeed neces- 
sary since the agreement residual of Tucker's approxi- 
mate structure was found to be about 30%, should 
be carried out on ~-uranium itself and not on the 
alloy. Tucker (1952) gave some suggested reasons for 
the intensity differences referred to and in a later 
paper (Tucker & Senio, 1952, 1953) it was shown that  
new single-crystal intensity data for the alloy were 
in essential agreement with the powder intensities 
found by Thewlis for fl-uranium. In view of this and 
the work of Tucker (1952) on a series of alloys with 
decreasing chromium content this agreement must 
now be accepted, although it is somewhat unsatisfac- 
tory that  none of the reasons put forward by Tucker 
to explain the discrepancies between powder photo- 
graphs of the alloy and of fl-uranium itself appears 
to hold. 

In the work referred to, Tucker & Senio (1952, 1953) 
present the results of a Fourier refinement of the fl- 
uranium structure based on the new data, which lead 
to the conclusion that  the main layers of the structure, 

previously found to be puckered, are flat, whereas 
the subsidiary layers, previously found to be flat, are 
puckered. The present paper contains the results of 
a refinement of both structures, using the intensity 
data of Thewlis (1952), carried out by a method of 
trial. The conclusion reached is that  both layers are 
puckered. 

T u c k e r ' s  t w o  s t r u c t u r e s  

The first structure proposed by Tucker was a non- 
centrosymmetrical layer structure (space group C44~ 
P4nm) with main layers of distorted hexagons perpen- 
dicular to the c axis at ¼% and ~c 0. Midway between 
these layers, at 0 and ½c 0, were subsidiary layers of 
atoms not in contact within the layer. The main layers 
were slightly puckered but the atoms in each subsi- 
diary layer were at exactly the same height. 

In the course of the refinement of this structure 
Tucker & Senio (1952, 1953) found that  it was not 
possible to reconcile it with the observed intensities by 
any alteration of the z parameters of the atoms in 
the main layers and they then considered space group 
D144-p4/mnm, a eentrosymmetrical space group which 
confines the atoms in the main layers to planes at 0 
and ½c o but permits the subsidiary planes to be puck- 
ered The structure based on this space group gave a 
better agreement between observed and calculated 
intensities than that  based on C4~-P4nm, and was 
accepted as the correct structure. Even so, the agree- 
ment residual was stated to be 31%. 

If the second structure were indeed correct it ought 
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Table 1. Atomic parameters in the structures of Tucker and Tucker & Senio 

Group 

I 
II" 

III 
IV 
V 

VI 

x y 
:No. of ^ 
atoms Layer "T. T. & S. ~ "T. T. & ~ "T. 

2 Main 0* 0* 0* 0* 0.66 
4 Main 0"11 0.1033 0.11 0.1033 0.23 
4 Subsidiary 0.32 0.3183 0.32 0.3183 0"00 
4 Subsidiary 0"68 0.6817 0.68 0"6817 0-50 
8 Main 0.56 0.5608 0.24 0"2354 0.25 
8 Main 0"38 0"3667 0"04 0.0383 0.20 

* Value set by space-group. 

Z 

^ 

T.&S~ 

0.50* 
0.25* 
0.9800 
0-5200 
0.25* 
0.25* 

to be possible to derive it from the first by a suitable 
process of refinement, since the centrosymmetrical 
space group D14~-P4/mnm is a special case of the non- 
centrosymmetrical one C44~P4nm. When Dr Tucker 
very kindl~r sent the results of his and Senio's work 
to one of the present writers (J.T.) such a refinement 
had indeed ~. been completed and the conclusion had 
been reached tha t  the subsidiary layers were probably 
puckered. The. main layers, however, also remained 
puckered, and, as will be seen below, the intensity 
agreement worsened if the centrosymmetrical struc- 
ture were assumed. 

I t  may  be of interest at this stage to list the para- 
meters of the atoms in the structures of Tucker and 
Tucker & Senio, referring both structures to the non- 
centrosymmetrical space group for convenience. This 
is done in Table 1. There are six groups of structurally 
equivalent atoms in the structure. Atoms (III) and 
(IV) are also structurally equivalent in the centro- 
'symmetrical space group. 

T h e  r e f i n e m e n t  

(a) The non-centrosymmetrical structure 
In  order to refine the structure only the measured 

resolved reflexions, of which there were 36, were util- 
ized. The method adopted is an unpublished one used 
by Dr I. G. Edmunds of the Physics Department,  
College of Technology, Manchester. The partial  deriv- 
atives of the structure factors of each of the 36 re- 
flexions were calculated on the assumption that  one 
only of the atomic parameters was variable, and the 
change, 6Fc, in the value of each calculated structure 
factor was then determined for an arbitrary small 
change, e, in the value of the  atomic parameter under 
consideration. I t  was thus possible to obtain •] [Fol- 
IFc[[ for a number of values of e, where Fo is the ob- 

served structure factor and the summation is over 
the 36 reflexions; the value of e which corresponded 
to the lowest obtained value of Z'IIFoI-IFcl I was 
assumed to be the required correction in the atomic 
parameter. The procedure was repeated for each of 
the 13 variable parameters, but in view of the fact 
that  there were only 36 available reflexions it was 
thought  tha t  the corrections might not be indepen- 
dent. Accordingly, before proceeding with the calcu- 
lation of the partial  derivatives required for the deter- 
ruination of the correction to a further parameter, 

new values of all the structure factors were calculated, 
using the previously corrected parameters. 

At the completion of the refinement the value of 
the overall agreement residual (i.e. the value tha t  
includes all the reflexions and not merely the resolved 
ones), calculated in the usual way, had been reduced 
from 30 ?/o to 19 ?/o; no further improvement was 
effected by a second refinement, and the new values 
of the atomic parameters are given in Table 2. 

Table 2. Preliminary atomic parameters in present work 
Group No. /fro. of atoms Layer x y z 

I 2 Main 0 0 0.66 
II 4 Main 0-11 0.11 0.23 

III 4 Subsidiary 0.30 0 .30 0-00 
IV 4 Subsidiary 0.68 0-68 0.48 
V 8 Main 0.55 0 .23 0.27 

VI 8 Main 0-37 0"04 0.18 

These values are seen to be not very different from 
those for Tucker's first structure, but puckering of 
the subsidiary layers now occurs in view of the change 
in the z parameter  of atoms (IV). 

The square roots of the calculated intensities (used 
in obtaining the agreement residual), both of the re- 
solved and of the overlapping reflexions, which were 
obtained from these parameters are shown in the 
fourth column of Table 4 and the square roots of the 
observed intensities are shown in the second column. 
Owing to the presence of oxide lines the experimental 
data obtained from the reflexions 973 to 964 inclusive 
were considered unreliable, and are therefore not in- 
cluded in the table. 

A further improvement in the parameter values was 
later obtained by drawing the graphs of the agreement 
residual for the resolved reflexions only against the 
atomic parameter in the regions of the respective mi- 

nima, the value of each parameter at the correspond- 
ing minimum being taken as correct. This procedure 
also enabled an estimate to be obtained of the errors 
in the values of the atomic parameters, referred to 
an arbitrari ly chosen acceptable increase in the overall 
agreement residual. The maximum acceptable in- 
crease so chosen was in fact 2-3 %, corresponding to a 
change in the overall agreement residual of about 0-2 % 
for each parameter. The final corrected values of the 
atomic parameters with the estimated 'error' in each 
case (i.e. the change in parameter that  will give a 
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Table 3. Final atomic parameters in present work 
Group No. of 

No. atoms Layer x y 

I 2 Main 0 0 
I I  4 Main 0.105 ± 0-010 0.105 ± 0.010 

I I I  4 Subsidiary 0.290±0"010 0.290±0.010 
IV 4 Subsidiary 0"690 ± 0"008 0"690 ± 0"008 
V 8 Main 0.547±0.004 0.227-4-0"004 

VI 8 Main 0.367±0"005 0.041±0"002 

Z 

0.68-4-0.03 
0.22-4-0.01 
O.O0-4-0"02 
0.48--}-0"02 
0.27-1--0"01 
0.18+0"01 

change of 0.2 % in the  overall  agreement  residual) are 
given in Table 3. 

I t  will be seen t h a t  the  depar tu re  f rom flatness of 
the  subsidiary  layers  is the  same as t h a t  found by  
Tucker  & Senio. I t  is, however,  not  outside the  'error '  
l imit  and  it cannot  be s ta ted  beyond all doubt ,  there- 
fore, t h a t  these layers  are puckered,  a l though this 

s e e m s  ve ry  likely. 
Some of the  values in Table 3 differ slightly f rom 

those obtained a t  the  completion of the  first  stage, bu t  
in view of the  labour  involved it was considered t h a t  
the  changes did not  jus t i fy  ye t  another  calculation of 
all the  s t ruc ture  factors.  Subst i tu t ion  of the  final values 
of the  pa ramete r s  should result  in a slight improve- 
men t  in the  value of the  overall agreement  residual  
bu t  improvement  beyond this  is not  to be expected 
with  the  exper imenta l  d a t a  a t  present  available.  

As has a l ready  been s ta ted,  in the  ref inement  pro- 
cess the  corrected s t ruc ture  factors  were calculated 
af ter  each ad jus tmen t  in the  value  of a pa ramete r .  
This entai led considerable labour  since the  s t ruc ture  
was non-cent rosymmetr ica l ;  the  possibili ty t h a t  the  
a r i thmet ica l  work might  have  been reduced was ten- 
t a t ive ly  explored by  comparing the  fully refined x 
and  y paramete rs  for the  a toms (IV) and  (V) with 
the  values obtained when these pa ramete r s  were re- 
fined quite independent ly ,  those groups being chosen 
for test ing pure ly  by  chance. The fun:( refined values, 
as given above, are x = y = 0.690 and  x = 0.547, y = 
0.227; whereas the  independent ly  refined values are 
x = y = 0.692 and  x = 0.550, y = 0.226. I t  appears ,  
therefore,  t h a t  even with 13 variables and  only 36 
resolved reflexions the  pa ramete r s  could have  been 
refined independent ly  with  a consequent saving of 
much  t ime and labour.  

Comparison with previous work.--For the  purpose 
of comparison,  the  th i rd  column of Table 4 shows the  
square  roots of the  calculated intensities obtained f rom 
the a tomic pa ramete r s  published by  Tucker  (1950, 
1951). Al though there  are instances in which the  
agreement  between observed and  calculated values is 
made  sl ightly worse when the  refined values of the  
pa ramete r s  are subs t i tu ted  for the  approx imate  
values, there  are others in which the  agreement  is 
be t te r  and,  in general, the  effect is one of improve- 
ment .  

Tucker  & Senio (1952, 1953), in the  work which led 
to the  rejection of the  non-cent rosymmetr ica l  struc- 
ture,  obtained a Fourier  (Okl) project ion of this struc- 
ture  f rom d a t a  derived f rom a single crysta l  of the  

Table 4. Comparison of ~/Io and ~Zc 

hbl 
OO2 
4O0 
112 
410 
330 
202 
212 
411 
331 
222 
312 
322 

431 ; 501 
511 
432 
512 } 
223 
522 } 
621 
541 
532 } 
631 
413 
333 } 
602 
612 
720 

551; 711 
622 
542 } 
641 
004 } 
730 
314 } 
820 
613 
821 
414 
802 

742; 812 
703 
822 } 

553; 713 
841 
723 } 
911 
851 
305 } 

762; 922 
315 
823 
941 
932 
663 
10,1,1 

^ 

Approximate 
]/Io structure 

3.2 4.4 
2.0 0 
2-4 2.2 
8.4 8.8 
7.3 6.O 
6.4 5-5 
6.9 8.7 

10-0 10.5 
7-6 7.7 
4.5 4.4 
4.4 2.8 
3.3 1.7 
3"0 2.4 
3.0 3.0 
3.3 1.7 

3.7 3.2 

5"0 5.O 

3.1 2-2 

5.3 6.6 

6.7 6.6 

6.3 7.9 

6-5 3.9 
6.1 7.1 
4.4 4.4 
4-1 2.2 

4.6 3.9 

3-6 4.4 

4.9 6.4 

2.4 1.7 
* 

5.4 6.2 
4.7 4.2 
4.7 7"3 
3.0 1-4 

4.1 3.3 

3.2 1.4 

4.5 3"0 

4.2 2.2 

2.2 2.8 

Refined 
structure 

3-9 
0.8 
1-8 
9.8 
6.8 
6.2 
8"3 

10.9 
7.2 
5.8 
3.5 
2.0 
2-9 
4.2 
3.4 

4.4 

5.1 

2.3 

7-1 

5.5 

5.5 

5.1 
6.6 
5.1 
2.4 

3.6 

3.7 

6"3 

2-3 

5-7 
4.3 
4-8 
3"0 

4.7 

3.5 

2.3 

2.7 

4-3 

4.9 7-2 5.3 

3"0 3"5 3"3 
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hkl 
415 
10,2,1 } 

554; 714 
724 
772 } 
843 
10,3,1 

862; 91310'0'2 } 

960 
952 } 
961 
804 
10,5,0 
10,5,1 
664 / 
970 
545 
962 
216 } 
635 
10,2,3 
844 
705 } 
10,5,2 
10,6,1 
645 } 
882 
972 
10,7,0 
10,7,1 
516 
10,5,3 

864; 10,0,4 } 
825 
10,1,4 } 
526 } 
982 
973 
835 } 
10,7,2 
606 
626 } 
845 
915 964 

556; 716 
10,5,4 } 
726 

T H E  ~-URANIU1K S T R U C T U R E  

Table 4 (cont.) 
¢io 

^ 

Approximate 
~Io structure 

4-7 4.0 
4-4 3.2 
6.0 7.0 

Refined 
structure 

2"7 
3"7 
5"3 

3"9 4.4 4.7 

4"2 3"5 4"3 

5"0 3"7 4"3 

4.9 2"5 2"7 
4-5 4"8 4"3 
4"8 4.4 5"4 

4-2 4"0 2.1 

3.6 4"0 3"7 

4.3 5.5 5"3 

4.0 1.4 4.2 
5"6 3'0 4"5 

3"6 3"6 3"8 

3"9 5"1 3"9 

4.0 2.2 2.8 
4.5 n 0  2.7 
4"7 1"0 2"9 
3-0 5-0 5"9 
4.2 6"5 4"9 

3"7 4"7 5"1 

3"2 3.5 4"0 

5"5 3"3 5"6 
6"5 11.1 6"3 

s e e n  tha t  the agreement between the peaks and the 
assumed atomic positions (marked by crosses) is quite 
good although there are present some areas of spurious 
intensity distribution. An exact projection, however, 

c/2 

Fig. 1. Fourier (Okl) projection when Tucker & Senio's cor- 
rected observed intensities are combined with the phase 
angles of the refined non-centrosymmebrical sbructure. 
Assumed atomic positions are marked by crosses. 

* Not measured. 
Data unreliable owing to presence of oxide lines. 

is not to be expected because, owing to the difficulties 
involved, Tucker & Senio's corrections for the absorp- 
tion, polarization and Lorentz factors are only approx- 
imate. 

low-chromium alloy of uranium. Although the agree- 
ment residual was as high as 30% it is stated that the 
synthesis showed no spurious peaks and that  there 
was good agreement between the assumed atomic po- 
sitions and their associated peaks. Consequently it was 
thought of interest to produce another synthesis of 
this projection by combining the phase angles resul- 
ting from the refined values of the atomic parameters 
obtained in the present paper for pure E-uranium 
with the improved observed structure factors obtained 
by Tucker & Senio from their single crystal of the 
alloy. This synthesis is shown in Fig. 1 and it will be 

(b ) The centrosymmetrical structure 
Although, as stated above, the centrosymmetrical 

structure, if correct, might have been expected to arise 
naturally in the course of the refinement of the non- 
centrosymmetrical structure, a refinement of the struc- 
ture of Tucker & Senio (1952, 1953) was undertaken. 
Utilizing their values of the atomic parameters the 
agreement residual for the measured resolved reflec- 
tions was found to be about 35 %, whereas, as already 
mentioned, the value obtained by Tucker from his 
single-crystal work was 31%. Refinement was Carried 
out as for the non-centrosymmetrical structure, after 
which process the value of the agreement residual for 
the resolved reflexions was 30%; after consideration 
of the overlapping reflexions the value was 32 %. Even 
after allowing for the fact that, according to Wilson 
(1950), a non-centrosymmetrical structure would be 
expected to give a lower agreement residual than a 
centrosymmetrical one, this value of 32% compares 
very unfavourably with that  of 19% which was ob- 
tained for the non-centrosymmetrical structure. Accord- 
ingly, it is concluded that  the latter structure is 
correct. 

D i s c u s s i o n  o f  t h e  s t r u c t u r e  

(a) Int~rafomic dis~nr2z 
The structure can, in some respects, be regarded as a 

combination of the two structures discussed by Tucker 
& Senio, in that  both types of atomic layer are puck- 
ered. The nature of the puckering in the main layers is 
similar to that  in Tucker's first structure, as will be 
seen from a comparison of the z values, but the pucker- 
ing in the subsidiary layers is in the opposite sense 
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from tha t  in Tucker & Senio's structure. The inter- 
atomic distances are as follows: 

Each of two atoms (I) has 4 neighbours at 3-023 A, 
2 at  3.053, 4 at 3.353 and 2 at  3.447, i.e. 12 neigh- 
bours. 

Each of four atoms (II) has 2 neighbours at  2.911 J~, 
1 at 3.053, 1 at  3.077, 2 at  3.182, 1 at  3.196, 2 at 3.447, 
2 at 3.571, 2 at  3.651 and 2 at  3.907, i.e. 15 neighbours. 

Each of four atoms (III) has 1 neighbour at  2.732 
J~, 2 at  2.926, 1 at  2.957, 2 at  2.983, 1 at  3.077, 2 
at  3.231, 1 at  3.352, 2 at  3.664 and 2 at  3.907, i.e. 
14 neighbours. 

Each of four atoms (IV) has 1 neighbour at  2.732 
J~, 2 at  2.951, 1 at  2.957, 2 at  3.295, 2 at  3.329, 1 at  
3.352, 2 at  3.411, 1 at  3.447 and 2 at  3.571, i.e. 14 
neighbours. 

Each of eight atoms (V) has 1 neighbour at  2.531 
J~, 1 at  2.831, 1 at  2.926, 1 at  2.951, 1 at  3.023, 1 at  
3.071, 1 at  3.182, 1 at  3.231, 1 at  3.295, 1 at  3"439, 
1 at  3.487 and 1 at  3.651, i.e. 12 neighbours. 

Each of eight atoms (VI) has 1 neighbour at 2.531 
J~, 1 at  2.831, 1 at  2.911, 1 at  2.983, 1 at 2.995, 1 at  
3.071, 1 at 3.329, 1 at  3.411, 1 at  3.487, 4 at 3.533 and 
1 at  3.664, i.e. 14 neighbours. 

A feature of this structure is the very small inter- 
atomic distance of 2.531/k, which occurs between 
atoms (V) and (VI) in adjacent layers. As Tucker & 
Senio (1952) point out, each atom of neptunium in 
the a-Np structure has no fewer than four close neigh- 
bours, one at 2.60/~ and three at 2-63 or 2.64 A, and 
it is not surprising to find similar short bond lengths 
in uranium. The next  shortest distance observed is 
one of 2.732 A. This is the distance between the pairs 
of nearest atoms along the chains of (III) and (IV) 
atoms which run through the structure parallel to 
the c axis. The occurrence of these two short bond 
lengths, especially the 2.531 A bond between atoms 
in adjacent main layers, suggests a tendency for some 
atoms to form U9 molecules. Fig. 2, a section of the 

T 
I 
I 

Fig. 2. Section through the (110) plane of the fl-uranium 
structure, showing atoms in and adjacent to this plane. 
Open circles: atoms in main layer; shaded circles: atoms in 
subsidiary layer; broken lines: short inter-layer bonds of 
2.53 A. 

structure taken through the (110) plane, which also 
shows those atoms which are immediately adjacent to 
the plane and between it and the observer, illustrates 
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how the 2.531 A bonds serve to bind the main layers 
together. 

(b) Valency 
The differences between the environments of the 

atoms belonging to the various crystallographically 
equivalent groups in fl-U suggest tha t  atoms with 
different electronic configurations occur in the struc- 
ture. A calculation of the bond order of the various 
bonds in the structure, following Pauling (1947, 1949) 
would, of course, indicate whether this were so, and, 
if the single bond radius of uranium were known, 
would permit  the valency states of the various groups 
of atoms to be elucidated. Such a calculation is, how- 
ever, not feasible if one wishes to avoid making un- 
warranted assumptions, but  it is possible (Thewlis, 
1954) to approach the problem in a slightly different 
way tha t  will lead to an allocation of valency to each 
atom in the structure without any assumption as to 
the single-bond radius of uranium. When this is done 
it is found tha t  no fewer than four valency states 
occur in fl-uranium, being distributed among the 
various groups as follows: 

Group I I I  I I I  IV V VI 
Valency 3 3 5 4 6 6 

These are precisely the valencies which are exhibited 
by  uranium in its compounds. They are consistent with 
a valency of 4 for a-uranium and one of 3 for y-ura- 
nium. The single-bond radius works out at 1.376 J~, 
which is in good agreement with tha t  obtained from 
a-uranium, namely 1.368 J~, a value which is presum- 
ably more accurate. 

An analysis of the structure based on this valency 
allocation indicates tha t  each of the short bonds be- 
tween atoms in neighbouring main layers is interme- 
diate in character between a double and a triple bond, 
the number of electron pairs involved being 2.7 out 
of the 6 available. Similarly the short bonds along the 
'vertical '  chains of atoms are intermediate in character 
between single and double bonds, the number of 
electron pairs involved in each such bond being 1.25 
out of the 5 available for (III) atoms and the 4 avail- 
able for (IV) atoms. 

A similar calculation, made for the four short bonds 
in a-neptunium, shows tha t  each of these is approx- 
imately a single bond, the four together taking up 
85 % of the electron pairs available for each atom. 
When it is remembered tha t  the number of bonds per 
atom is 12 or 14 in all cases, the figures show the 
marked extent to which the tendency towards the 
formation of molecules occurs in both fl-U and a-Np. 

The authors are indebted to Dr H. Lipson for valu- 
able discussion of the problem. The paper is published 
by permission of the Director, the Atomic Energy 
Research Establishment. 
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Among all inequalities between the structure factors related by  a given restriction on the indices, 
the fundamental  set is defined as a set of independent inequalities from which all others can be 
derived. The present paper deals with the problem of finding this set for the structure factors 
UH, UH,, U2H, U2H', UH--H" and UH+H' for a centrosymmetric structure. Starting from a more 
restricted problem, viz. to establish relations between some known inequalities, a new inequality 
is found: 

(UI~+H" ~- UH-H"-2UBUtt') ~ ~_~ (1 -~ USH--2U~I ) (1 + U2H,- 2 U2H,). 

I t  is shown that  various known inequalities containing the same U's can be derived from this 
relation combined with three different versions of Harker & Kasper's inequality (UB~: UH,) z _~ 
(14- UH+~,) (14- UH-R'). 

The general problem is solved by calculating the extreme values of UH+~. for arbi trary varia- 
tions of a positive charge distribution in the unit  cell, provided the other five U's remain constant. 
The above four inequalities are found anew, so these constitute the fundamental  set. 

A convenient graphical representation is obtained by plotting the extreme values of UH+H" as a 
function of Un-H, for given values of the other U's. Finally Karle & Hauptman ' s  inequality 
(UH~H,--UHUH,) 2 < (1--U~)(1--U~,) is discussed, and is found to be the analogue of the new 
inequality for the asymmetric case. 

1. I n t r o d u c t i o n  

Since Harker  & Kasper  (1948) derived the first  in- 
equalit ies between structure factors, m a n y  new in- 
equalit ies have  been found. The divers i ty  of these 
relations leads to the  following questions: 

Let  us consider inequal i ty  relations, based on the  
positiveness 0I the electron density, between structure 
factors belonging to a given set. 

(A) Can all  possible relations of this  k ind  be enu- 
mera ted  in an explicit  way  ? This question will be 
t reated in a for thcoming paper, using Kar le  & Haupt-  
man ' s  (1950) method  of generat ing inequali t ies  (of. 
also § 5). 

(B) Are the explici t ly known inequali t ies indepen- 
dent  of each other ? If  one of them can be derived from 
another,  clearly this  one can be discarded. 

(C) Can a set of independent  inequali t ies be found 

from which all others can be derived ? This set will 
obviously be of considerable importance,  so we shall  
call i t  the  fundamental set of inequal i t ies  for the  given 
structure factors. This set may ,  of course, be s ta ted 
in algebraical ly different  forms. The l imi ts  which i t  
imposes on U-values are, however, unique (cf. also 
§ 4), so the above defini t ion is essential ly unambiguous.  

Gris0n (1951) has given an answer to question (P), 
and his answer, though erroneous in itself, will lead 
us to a new way  of tackl ing this  problem. An approach 
to (C) has led to the development  of a theory  which 
confirms and  strengthens the results which have  been 
derived in answering (B). 

We consider un i t a ry  structure factors, UH, defined 
by  

UB =.,~, ni exp 2gi(hxi+kyi+lzi) =.,~, n i exp 2rd(h, r i ) ,  
i i 

where ni is the atomic number  of the i th  atom, divided 


